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We extend the traditional diffusion theory by distinguishing between the energy radiance in the forward and
backward directions at each point in space. This approach leads to a new effective source for the diffusion
equation that is nonzero for an anisotropic light source. It differs significantly from the diffusion theory for
short source-detector spacings. We derive an analytical solution for the two lowest-order velocity moments of
the radiance.
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I. INTRODUCTION

The Boltzmann transport equation �1� is used in a wide
area of studies. Its applications include the studies of thermal
radiation, stellar emission, neutron transport, and light scat-
tering in turbid media �2–4�. In the latter case, the Boltzmann
equation models the light by its phase space distribution as a
function of the position and the velocity. Despite the lack of
a rigorous mathematical derivation from the Maxwell equa-
tions, the Boltzmann equation can be motivated phenomeno-
logically based on the particle conservation in phase space
�5–7�. Except for a few special cases or special symmetries
which lead to reduced dimensional equations, the Boltzmann
equation cannot be solved analytically �1�. The most com-
mon approach to its solution is through Monte Carlo simu-
lations, in which the photons perform a random-walk-like
motion �4�.

The Boltzmann equation is equivalent to an infinite but
discrete set of coupled differential equations for the velocity
moments �8�. In principle, the higher-order moments can be
eliminated sequentially, leading to a single differential equa-
tion for the zeroth-order moment, the photon density. As an
infinite number of velocity moments needs to be eliminated,
the resulting differential equation for the photon density is of
infinite order. Truncating the discrete set to only the lowest
two velocity moments, we obtain two equations. Under ad-
ditional approximations, they reduce to the usual diffusion
equation, which is only of second order in position. The dif-
fusion equation is relatively reliable for highly scattering me-
dia at distances far way from the light source. It has the
further advantage that, for several situations, fully analytical
and easy solutions are available �8,9�. In recent years, the
light scattering studies in biological tissues have led to inno-
vative diagnostic techniques in medicine �3,4,10�, and the
diffusion theory, due to its simplicity, has been used for im-
age reconstruction from experimental scattering data �11�.

Despite its many advantages, the diffusion approximation
also has several drawbacks. It describes only the time evolu-
tion of the first two moments obtained by integration over all
velocity directions. It works best for isotropic light distribu-
tions and fails in regions close to the source where the direc-
tional character of the ejected light is important. A related
drawback is the inherent difficulty in describing the dynam-
ics close to medium interfaces. Several works have been de-
voted to remove these problems �12–21�. One obvious im-

provement of the lowest-order diffusion theory is to include
higher moments. Such improvements are called P3 or P5
approximations and show a better agreement with the Bolt-
zmann theory �15,16�. Alternatively, the light distribution
close to the source can be separated into its diffusive and the
so-called ballistic portions �17–21�. All of these approaches
have in common that they describe the light density as a
function of the position obtained by the integration over all
directions of the velocity, therefore being most reliable for
nearly isotropic distributions.

In this work, we provide a different approach. To better
account for the effect of a directional light source and highly
forward scattering media, we introduce two half-sphere inte-
grated moments of the velocity and thus double the number
of equations that couple the moments. This approach divides
the velocity space into two hemispheres such that the for-
ward and backward scattered light can be described sepa-
rately at each position. Instead of the two equations, charac-
teristic of the usual diffusion approximation, we obtain four
coupled equations. For the special case of an isotropic
source, this theory reduces to the standard diffusion theory.
For anisotropic light sources, however, this approach im-
proves the accuracy for regions close to the source. In a
future communication, we will show that this approach also
permits a more accurate treatment of the physical boundaries
of the medium, as the forward and backward spheres can be
incorporated conveniently into the boundary conditions go-
ing beyond the usual Marshak conditions �15,22�.

The paper is organized as follows. In Sec. II, we review
briefly the approximations leading to the standard diffusion
theory. In Sec. III, we derive the mathematical framework for
the new set of equations using the half-sphere velocity mo-
ments. In Sec. IV, we show how these equations can be
solved analytically for a spatially localized source. We will
discuss the validity and limitations of the theory by compar-
ing its solutions and those of the standard diffusion with
numerical solutions to the Boltzmann equation obtained by
Monte Carlo simulations. We will summarize our results and
present a short outlook in Sec. V. Detailed mathematical
derivations are presented in the Appendixes.

II. VELOCITY FULL-SPHERE MODEL: THE USUAL
DIFFUSION APPROXIMATION

In the Boltzmann theory, the light field is described by the
six-dimensional phase-space distribution I�r ,� ,��, where r
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is the position, � is the scaled velocity �propagation direc-
tion� with ���=1, and � is the intensity modulation fre-
quency. In order to obtain the radiance I�r ,� ,��, the radia-
tive transfer �transport� equation

�� · � + ���I�r,�,�� = �s� d��p�� · ���I�r,��,��

+ S�r,�,�� �2.1�

needs to be solved, where S�r ,� ,�� denotes the spatial and
angular characteristics of the light source, �s��a� is the scat-
tering �absorption� coefficient, and ����s+�a+ i� /c. The
speed of light in the host medium is denoted by c. From now
on, we omit the � dependence in our notation. The condi-
tional probability that an incoming photon with velocity ��
is scattered into the � direction is denoted by the scattering
phase function p�� ·���. If the scattering is nearly isotropic,
the phase function can be approximated by the form

p��,��� �
1

4�
�1 + 3g�� · ���� , �2.2�

which is often referred to as the Eddington phase function.
The anisotropy parameter g is the average cosine of the scat-
tering angle g��� ·��	. This phase function is positive
only for relatively isotropic scattering �−1/3�g�1/3�. For
such a medium, the most dominant contribution in I�r ,�� is
the energy density or fluence �zeroth velocity moment� de-
fined as ��r��
4�d�I�r ,�� followed by the vector flux
�current density� J�r��
4�d��I�r ,��. In contrast to the
velocity half-sphere model discussed below, the two integrals
extend over the entire spherical surface of the velocity space.
In other words, 
4�d�=
0

2�d�
−1
1 d�cos 	�, where 	 and �

are the polar and azimuthal angles of the vector �. The usual
diffusion approximation is characterized by a nearly isotro-
pic moment expansion as

I�r,�� �
1

4�
���r� + 3� · J�r�� . �2.3�

Such an expansion requires �3� · �J�r��
��r� to guarantee
that I�r ,�� remains positive.

For a better comparison with the results of Sec. III, let us
quickly review the derivation of the two coupled equations
for ��r� and J�r� from the Boltzmann equation. After inte-
grating Eq. �2.1� over 
4�d�, we obtain for the variation in
the current density

� · J�r� = − ��� − �s���r� + q�r� , �2.4�

where the zeroth and first velocity moments of source q�r�
and Q�r� �required below� are defined as

q�r� � �
4�

d� S�r,�� , �2.5a�

Q�r� � �
4�

d��S�r,�� . �2.5b�

Equation �2.4� is the continuity equation associated with the
conservation of particle numbers.

The corresponding equation for ��r� is obtained by mul-
tiplying Eq. �2.1� with � and integrating over 
4�d�. Re-
placing I�r ,�� with its approximation Eq. �2.3� and using

4�d��=0 and 
4�d���� ·���r��=4����r� /3, we ob-
tain what is sometimes called Fick’s law,

���r� = − 3��� − g�s�J�r� + 3Q�r� . �2.6�

Equations �2.4� and �2.6� are the two basic equations for the
standard diffusion theory. These two coupled equations can
be reduced to one if we apply the divergence operator �· to
Eq. �2.6� and replace � ·J with the right-hand side of Eq.
�2.4�. The standard diffusion equation for the fluence ��r�
reads

��2 − �i�/c + �a��3i�/c + 1/D����r�

= − q�r��3i�/c + 1/D� + 3 � · Q�r� , �2.7�

where the diffusion constant is defined as D�1/ �3��a

+�s���, and �s���1−g��s is the reduced scattering coeffi-
cient. The last source term is only present for an anisotropic
source. Please note that the standard diffusion theory only
depends on �s� �and �a� and not on �s and g separately.
Furthermore, this theory cannot distinguish between a truly
isotropic source, S�� ,r�=��r� / �4��, and a highly colli-
mated source that emits light only along the positive and
negative z directions, S�� ,r�= ���cos 	+1�+��cos 	
−1����r� / �4��, as both of these sources lead to q�r�=��r�
and Q�r�=0. In a real system, particularly close to the
source, the two sources will lead to different fluences and the
predictions of Eq. �2.7� cannot be valid.

III. VELOCITY HALF-SPHERE MODEL

In order to provide a more accurate description of aniso-
tropic scattering, we will now distinguish between I�r ,�� in
the ranges 0�	�� /2 and � /2�	��, where 	 denotes
again the polar angle of the velocity � with respect to the z
axis. We denote the radiances in the ranges 0�	�� /2 by
I+�r ,�� and � /2�	�� by I−�r ,��. The total radiance can
be separated as

I�r,�� � I+�r,���cos 	� + I−�r,���− cos 	� ,

�3.1�

where �x� is the Heaviside unit step function defined as
�x�=0 for x�0 and �x�=1 for x�0. Consistent with this
separation, we can define the corresponding four velocity
moments as

�±�r� � �
±2�

d� I�r,�� , �3.2a�
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J±�r� � �
±2�

d��I�r,�� , �3.2b�

where the integrations over the velocity half-spheres are de-
fined as 
+2�d��
0

2�d�
0
1d�cos 	� and 
−2�d�

�
0
2�d�
−1

0 d�cos 	�. It follows that J�r�=J+�r�+J−�r� and
��r�=�+�r�+�−�r�, however I�r ,��� I+�r ,��+ I−�r ,��.
If we express the half-sphere radiances I+�r ,�� and I−�r ,��
in terms of their half-sphere moments, for a linear expansion
in �, we obtain

I±�r,�� � 2�±�r�/� � 3J±z�r�/� + 3� · �J±�r�

+ �3J±z�r� � 2�±�r��ẑ/�2�� , �3.3�

where ẑ denotes the unit vector along the z direction. Note
that Eq. �2.3� cannot be simply generalized to the �incorrect�
expansion I±= ��±+3� ·J±� / �4��, and one has to consider
the more complicated Eq. �3.3� instead.

In order to better account for the anisotropy of the physi-
cal source, the source term in the Boltzmann equation can be
separated into the forward and backward directions,

S�r,�� � S+�r,���cos 	� + S−�r,���− cos 	� .

�3.4�

For example, light injected into the medium from an optical
fiber along the z axis will strongly emit in the forward direc-
tion with no emission into the negative z direction. In this
case, the source S�r ,�� is nonzero only for 0�	�� /2
leading to S−�r ,��=0. Ideally, such a source should not be
approximated simply in terms of the moments 
4�d�S�r ,��
and 
4�d��S�r ,��. The impact of the preferred light in-
jection direction is particularly significant if the medium is
thin or when the scattering phase function is highly forward
peaked as typical for many biological tissues in the visible
and IR regions of the spectrum �9�.

Equivalently, the two moments of the source can also be
defined by their integration over the corresponding velocity
half-spheres,

q±�r� � �
±2�

d�S�r,�� , �3.5a�

Q±�r� � �
±2�

d��S�r,�� . �3.5b�

For the special case of an isotropic source �S�r ,��
= f�r� / �4��� we have q±�r�= f�r� /2 and Q±�r�� ± f�r�ẑ /4.
We should note that similar to Eq. �2.5�, the association of
these four moments with the original angular-dependent
source S�r ,�� is not unique, and one possible way to recon-
struct the forward and backward portions of the original
source is

S±�r,�� � 2q±�r�/� � 3Q±z�r�/� + 3� · �Q±�r�

+ �3Q±z�r� � 2q±�r��ẑ/�2�� . �3.5c�

Let us now use these definitions, to derive the correspond-
ing equations for the four moments J±�r� and �±�r� from the

Boltzmann equation. It turns out, however, that a new set of
moments defined as ��r���+�r�+�−�r�, ���r���+�r�
−�−�r�, J�r��J+�r�+J−�r�, and J��r��J+�r�−J−�r� leads
to simpler equations. Furthermore, ��r� and J�r� provide a
direct comparison with the usual diffusion model.

The equations for J�r� and J��r� can be obtained by in-
serting the expansion Eq. �3.1� into the Boltzmann equation
�2.1� with the phase function Eq. �2.2�. The resulting equa-
tions for I±�r ,�� are

�� · � + ���I±�r,�� = �s���r� + 3g� · J�r��/�4��

+ S±�r,�� . �3.6�

The right-hand side can be obtained using the identity
� ·��=cos 	 cos 	�+sin 	 sin 	� cos��−���. Integrating
Eq. �3.6� over the velocity half-sphere 
±2�d� and using the
relations

�
±2�

d� = 2�, �
±2�

d�� = ± �ẑ ,

and

�
±2�

d��� = ± 2��x̂x̂ + ŷŷ + ẑẑ�/3

yields

� · J±�r� = − ���±�r� + �s���r�/2 ± 3gJz�r�/4� + q±�r� .

�3.7�

If we add and subtract these two equations from each other,
we obtain the two scalar equations

� · J�r� = − ��� − �s���r� + q�r� , �3.8a�

� · J��r� = − �����r� + 3g�sJz�r�/2 + q��r� , �3.8b�

where the two source-difference terms are defined as q�

�q+−q− and Q��Q+−Q− �used below�.
Next we derive the corresponding two vector equations

for � and ��. This derivation is more complicated as, in
contrast to the derivation in Sec. II, the integration 
±2�d��
does not separate the required terms of the defined variables.
Instead of the usual procedure, the velocity half-sphere ge-
ometry requires us to integrate Eq. �3.6� with respect to

±2�d�� P5�cos 	�, where P5 is the fifth-order Legendre
polynomial. We remark that instead of P5�cos 	� any Leg-
endre polynomial of odd order �5 would have led to the
same set of final equations. Inserting the linear expansion of
Eq. �3.3� into the Boltzmann equation �3.6�, we obtain the
following form: H1±+H2±+H3±=H4±+H5±, where the ten
terms are

H1± � �
±2�

d��P5�cos 	��� · ��„� · 3/2��J±�r�

+ �3J±z�r� � 2�±�r��ẑ… = 0 , �3.9a�
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H2± � �
±2�

d��P5�cos 	�� · „���2�±�r� � 3J±z�r��/�

+ 3��/2��J±�r� + �3J±z�r� � 2�±�r��ẑ…

= ± �„���2�±�r� � 3J±z�r��/� + 3��/2��J±�r�

+ �3J±z�r� � 2�±�r��ẑ… · ��x̂x̂ + �ŷŷ + 2�ẑẑ� ,

�3.9b�

H3± � �
±2�

d��P5�cos 	�����2�±�r� � 3J±z�r��/� = 0 ,

�3.9c�

H4± � �
±2�

d��P5�cos 	���s/�4����r�

+ 2q±�r�/� � 3Q±z�r�/�� = 0 , �3.9d�

H5± � �
±2�

d��P5�cos 	�� · „�3g�s/�4��J�r�� + 3�Q±�r�

+ �3Q±z�r� � 2q±�r��ẑ/�2��… = ± �„�3g�s/�4��J�r��

+ 3�Q±�r� + �3Q±z�r� � 2q±�r��ẑ/�2��… · ��x̂x̂ + �ŷŷ

+ 2�ẑẑ� . �3.9e�

The two constants are defined as ��
0
1dx�1−x2�P5�x�

=13/192 and ��
0
1dxx2P5�x�=−1/192. We refer the reader

to Appendix A for detailed derivations of these integrals.
Due to the special form of the pre-factor �P5�cos 	� in the
integrand, the Boltzmann equation reduces to the two vector
equations H2±=H5±. Making a dot product with the tensor
�x̂x̂ /�+ ŷŷ /�+ ẑẑ / �2��� yields

��2�±�r� � 3J±z�r�� = −
3

2
���J±�r� + �3J±z�r� � 2�±�r��ẑ

+
3�sg

4
J�r� + 3/2�Q±�r�

+ �3Q±z�r� � 2q±�r��ẑ . �3.10�

Subtracting and adding these two equations, we obtain

��2��r� − 3J�z�r�� = − �3i�/c + 1/D�/2J�r�

+ 3/2���2���r� − 3Jz�r��ẑ + 3/2Q�r�

+ 3/2�3Qz�r� − 2q��r��ẑ , �3.11a�

��2���r� − 3Jz�r�� = − 3/2���J��r� + �3J�z�r� − 2��r��ẑ

+ 3/2�Q��r� + �3Q�z�r� − 2q�r��ẑ .

�3.11b�

This set of four coupled equations �3.8� and �3.11� forms
the basic equations for the four moments �, ��, J, and J�.
In contrast to Eqs. �2.4� and �2.6� for J and �, this set is
more complicated due to the terms 3J�z and 3Jz on the left-
hand side of Eq. �3.11�. Taking the vector character of the
variables into account, we have a set of eight coupled partial

differential equations. In Sec. II, we showed that the two
first-order differential equations for J and � could be com-
bined to a single second-order equation for �. Following this
approach, one could expect �in the absence of the terms 3J�z
and 3Jz� that the four coupled equations �3.8� and �3.11� can
be converted into two coupled second-order differential
equation for � and ��. In Appendix B, we show that three
unexpected major simplifications occur. First, the two terms
3J�z and 3Jz do not cause problems and can be eliminated
effectively with the introduction of a new variable. Second,
the equation for � is effectively decoupled from ��. Third,
it is only of second �and not of fourth� order. The final equa-
tion for ��r� takes the remarkably simple form

��2 − �i�/c + �a��3i�/c + 1/D����r�

= − q�r��3i�/c + 1/D� + 3 � · Q�r� + Snew�r� .

�3.12a�

Except for the new sourcelike term Snew, defined as

Snew�r� � 3
1

��

�2/�z2�q�r� − 3
2Q�z�r�� − 3

1

��

�2�q�r�

− 2Q�z�r�� −
3

2

1

��

�/�z � · Q��r� , �3.12b�

this equation is completely identical to the one obtained from
the standard diffusion theory, Eq. �2.7�. As the new effective
source term of Eq. �3.12� is computed from the spatial de-
rivative of the original source term, it is spatially more lo-
calized than the original source. We therefore would expect
that its impact is only significant for distances close to the
original source. We also note that there are spatial regions in
which this term can be negative, therefore effectively reduc-
ing the source strength on the right-hand side. We will return
to this analysis in Sec. IV where we will discuss the solutions
of these equations. If the original source is fully isotropic
with S�r�= f�r� / �4��, �q�r�= f�r� and Q��r�� ẑf�r� /2�, we
have Snew=0 as expected.

We also present in Appendix B the corresponding differ-
ential equation for the difference variable ���r�, which,
however, is more complicated as it couples to ��r�. The final
solutions for ��r� and ���r� can be inserted into Eqs. �3.8�
and �3.11� to solve for J�r� and J��r�. These four solutions
can be converted into the original variables �± and J± to find
the total radiance I�r ,�� via Eqs. �3.3� and �3.1�.

IV. COMPARISON OF THE TWO MODELS WITH THE
BOLTZMANN THEORY

A. General solutions to the velocity half-sphere
and full-sphere models

Let us now discuss the general solutions to Eqs. �2.7� and
�3.12�. In the usual diffusion model, the source is character-
ized by its first and second moments, q�r� and Q�r�, whereas
the half-sphere model requires the eight quantities q�r�,
q��r�, Q�r�, and Q��r� as defined in Eqs. �3.5�. To provide
an analytical solution, we assume here for simplicity that the
source is frequency-independent and localized such that its
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spatial dependence is given by S�r ,��=S�����r�. The solu-
tion associated with a spatially extended source could be
obtained easily from the localized source solution due to the
linearity of the diffusion equation. From now on, we omit the
spatial dependence and denote the angular moments by the
eight numbers q, q�, Q, and Q�.

Both equations can be written in the compact form ��2

−�2���r�=−L��r�, where the parameter � is defined as �2

��i� /c+�a��3i� /c+1/D�. The operator for the full-sphere
model is

L f = q�3i�/c + 1/D� − 3Q · � , �4.1�

whereas the operator for the half-sphere model takes the
form

Lh = q�3i�/c + 1/D� − 3Q · � + 3/���q − 2Q�z���2 − �2/�z2�

+ 3/�2����Q�x�/�x + Q�y�/�y��/�z . �4.2�

The solution of the two equations is possible as L com-
mutes with �2 and we can readily write the solution as
��r�=LG�r�, where G�r�=exp�−�r� / �4�r� is the Green’s
function for ��2−�2�G�r�=−��r�. The application of the dif-
ferential operators is straightforward and we obtain for the
full- and half-sphere models

� f�r� = L fG�r�

= q�3i�/c + 1/D�G�r� + 3Q · rG�r��� + 1/r�/r ,

�4.3a�

��r� = LhG�r�

= � f�r� + 3/���q − 2Q�z�G�r���2 sin2 � − ��/r + 1/r2�

��3 cos2 � − 1��

+ 3/�2���G�r��3/r2 + 3�/r

+ �2�sin � cos ��Q�x cos �

+ Q�y sin �� , �4.3b�

where � and � denote the polar and azimuthal angles of the
position vector r. Both solutions differ by the last two terms
in Eq. �4.3b�, which vanish if the source is fully isotropic.

B. Comparison with the Boltzmann solution for a directed
light source

In order to compare the accuracy of the standard diffusion
theory and the half-sphere model with the Boltzmann theory,
we have to choose a specific source. For simplicity, let us
assume an angularly collimated source, given by
S�r ,� ,��=��cos 	−1���r� / �2��, leading to q=1, q�=1,
Q= �0,0 ,1�, and Q�= �0,0 ,1�. Note that a solution for an
angularly collimated point source is a Green’s function
which can be used to obtain a solution for any arbitrary
source. For light scattering in an infinite medium, we obtain
in the limit �→0

��r� = 1/DG�r� + 3 cos �G�r��k + 1/r� − 3/�TG�r��k2 sin2 �

− �3 cos2 � − 1��k/r + 1/r2�� , �4.4�

where k� ��3��s�1−g�+�a��a. The difference between the

half- and full-sphere approaches is best illustrated for the
special case of vanishing absorption, �a=0. In this case, the
final expression simplifies considerably and we obtain

��r� = 3�s�1 − g�/�4�r� + 3 cos �/�4�r2� + 3/�s�3 cos2 �

− 1�/�4�r3� . �4.5�

The first two terms are the solutions for the full-sphere
model. The last term is due to the separation into velocity
half-spheres. It is interesting to note that Eq. �4.5� appears to
have a multipole expansion form. However, to confirm this
conjecture, we would need to include higher-order terms in
expanding the phase function and the radiance Eq. �3.3�,
which is still quite a nontrivial task. For r→�, both solu-
tions are identical, however at short distances, where the
1/r3 term becomes relevant, the two theories differ. This is
illustrated in Fig. 1, where the contour plots of ��r� /�s

2 in
the y=0 plane are displayed for a relatively isotropic �g
=0.2� and highly forward �g=0.9� scattering media. As only
the �monopole� term depends on the anisotropy factor in Eq.
�4.5�, g determines the relative importance of the effect of
the angular collimation of the source as well as the maxi-
mum source-detector spacing, at which the correction to the
diffusion theory due to the 1/r3 term can be detected. The
traditional diffusion approximation depends only on �s�1
−g� while the correction term depends on �s alone in Eq.
�4.5�. This suggests that a separate determination of �s and g
is in principle possible with our new theory �18,19,21�, but
not possible in the standard diffusion theory �15�. Such a
separation involves measurements at short and long source-
detector separations.

The third term increases the fluence along the forward
���0� direction and surprisingly also along the backward
����� direction, whereas the light along the two perpen-
dicular directions ���� /2� is reduced as �3 cos2 �−1� turns
negative, as shown by the dark regions. Thus the major im-

FIG. 1. Contour plot of the steady-state fluence ��r� /�s
2 in the

y=0 plane as predicted by the diffusion and modified diffusion
theories of Eq. �4.5�. The source is located at r=0 and ejects light
along the positive z direction. The dark areas denote �unphysical�
negative fluences.
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provement over the diffusion solution is along the forward
and backward directions. As the last term is uniquely asso-
ciated with the extra source term, denoted as Snew in Eq.
�3.12�, it is clear that for � close to � /2 it is negative, acting
there as an effective photon sink. The condition 3�s�1
−g� / �4�r�+3 cos � / �4�r2�+3/�s�3 cos2 �−1� / �4�r3��0
is possible if �s is sufficiently small, pointing to a direct
breakdown of the theory. However, this is not so unexpected,
as in the limit r→0, even the fluence ��r� predicted by the
standard diffusion theory turns negative if ��� /2. A com-
parison of the two contour plots within each row in Fig. 1
shows how the modified diffusion �half-sphere model� re-
duces the extension of those regions for which the diffusion
theory is inapplicable as indicated by the dark colors.
Clearly, this improvement is a result of approximating a col-
limated source by the anisotropic expansion �3.5c� as com-
pared to the usual diffusion expansion.

In order to test the accuracy of these solutions, we have
performed a large scale Monte Carlo �MC� simulation
�22–24� to the Boltzmann Eq. �2.1� with 106 photons, each of
which performed a random walk with a random distance s
distributed according to P�s�=exp�−�ss� /�s and with ran-
dom scattering angle distributed according to a Henyey-
Greenstein phase function PHG�� ·���= �1−g2� / �4��1+g2

−2g� ·���3/2. The MC Boltzmann photon distribution is
time-dependent, �B�r , t�, and was calculated for a pulsed
light source that emitted photons at time t=0. In order to
obtain the corresponding steady-state distribution ��=0�
from the time-dependent simulation, the resulting photon
distribution determined at each time t was integrated in time
according to �B�r�=
0

Td��B�r ,T−��exp�−c�a�T−���,
which describes the steady state associated with a time-
independent source if the total integration time T is large
enough.

In Fig. 2, we compare the photon density in the forward
and backward detection directions with respect to the laser
source as a function of the detector-source spacing r.
Graphed is the integral F�r� or B�r�
�2�r2
d� sin ���r ,��, where the integration limits for the
polar angle are 0���� /4 for the front �F�r�� detector and
3� /4���� for the back �B�r�� detector, respectively. In
the Monte Carlo simulation, these quantities are the probabil-
ity densities to find a photon on the corresponding semi-
spherical surface area with radius of curvature r. The analyti-
cal predictions for these two radial densities can be obtained
easily, using 
d� sin �= �1−1/ ��2��, 
d� sin � cos���
= ±1/4, 
d� sin � cos2���= �4− ��2�� /12, and

d� sin � sin2���=2/3−5��2� /12, for 0���� /4 and
3� /4����, respectively,

F�r� � 2�r2� d� sin ���r�

= 2�r2
„�1 − 1/ � �2��/D + 3/4�k + 1/r� − 3/�T�k2�2/3

− 5 � �2�/12� − � �2�/4�k/r + 1/r2�…G�r� , �4.6a�

B�r� � 2�r2� d� sin ���r�

= 2�r2
„�1 − 1/ � �2��/D − 3/4�k + 1/r� − 3/�T�k2�2/3

− 5 � �2�/12� − � �2�/4�k/r + 1/r2�…G�r� . �4.6b�

Figure 2 was obtained for �s=5 cm−1 and �a=0. The agree-
ment with the exact data �circles� obtained from the Monte
Carlo simulation extends to much smaller source-detector
spacings ��1/�s�� for the modified theory in the front as well
as back detection directions. We should mention that in order
to obtain the theoretical results for the highly forward scat-
tering case, g=0.9, the standard and modified diffusion theo-
ries were computed for effective scattering parameters f
=g2, �s�1− f�=0.95 cm−1, and g̃�g / �g+1�=0.47, associ-
ated with the predictions based on the �-Eddington scattering
phase function �17,25� of the form P�−E�� ·�����2f��1
−� ·���+ �1− f��1+3g̃�� ·���� /4�, and not Eq. �2.2�.
Note that because we assumed a �-function form of the
source, both fluences Eq. �4.3� diverge for small values of r.
The fluence when integrated over the entire surface is finite.
In Fig. 2, however, we plot the fluence over a small area and
thus the divergence due to the modified solution is present

FIG. 2. The angle-integrated fluence detected along the forward
and backward directions as a function of the source detector spacing
r for g=0.2 �top� and g=0.9 �bottom�. The source, located at r=0,
was highly collimated along the z axis. The open circles denote the
Monte Carlo results, the solid line is the modified, and the dotted
line is the traditional diffusion solution. The Monte Carlo data were
obtained from averages over 106 photon paths. Each photon path
was recorded for 400 m, which was necessary to obtain converged
results for this absorption-free medium ��s=5 cm−1 and �a=0�.
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because of the 1/r3 correction that is absent in the usual
diffusion solution.

In Fig. 3, we extend the comparison for a relatively
strongly absorptive medium. We choose again �s=5 cm−1

and g=0.2, however �a=0.1 cm−1. Even though each indi-
vidual photon path decays due to the frequent scatterings,
after a length of �1/�a=10 cm, the effect of absorption in
the steady-state distribution is visible at much shorter source-
detector spacings. Mathematically, this is reflected by the
fact that the exponential decay factor in Eq. �4.4� is k
= ��3�a��a+ �1−g��s�, which for our parameters is
1.1 cm−1 and 11 times larger than �a. As a result, the fluence
falls off rapidly after an initial rise that cannot be predicted
accurately by both theories. However, similarly to the
absorption-free case, the modified diffusion theory improves
the standard theory.

V. SUMMARY AND OUTLOOK

We have examined a conceptually new approach to study
the multiple scattering of light in turbid media. In order to
take the effect of the anisotropy of the light source into ac-
count, we have separated the velocity space into two hemi-
spheres relative to the main injection direction of the source.
The theory describes the spatial distribution of four velocity
moments obtained with respect to these hemispheres. Quite
remarkably, it turns out that the resulting four coupled equa-
tions for these moments can be reduced to a simple second-
order equation for the total fluence. This equation differs
from the standard diffusion theory by an additional source-
like term which can also act like a sink in directions perpen-
dicular to the main light injection directions. Due to this
remarkably simple outcome, even this more complicated ap-
proach leads to fully analytical solutions for the fluence. We
have established the improvement of this new approach over
the standard diffusion theory by a comparison with the nu-
merical solution of the Boltzmann equation.

The next logical step to further improve this theory could
be to divide the phase space into even smaller velocity re-
gions and to obtain the corresponding equations for these

new moments. This approach could provide even higher-
order corrections in 1/r to the full Boltzmann solution. At
present, however, even a numerical implementation of such a
scheme is extremely challenging even if the phase function
remains restricted to the form given by Eq. �2.2�. As a first
step, one could examine the two-dimensional Boltzmann
equation for which the velocity directions are characterized
by a single variable and therefore could be more easily di-
vided up into four velocity regions. In the limiting case of
only one spatial direction, the Boltzmann equation can be
solved fully analytically for the fluence along the positive
and negative directions.

Another improvement to the velocity half-sphere model
can be obtained by taking into account higher moments of
the scattering phase function, which in this treatment was
restricted to the first two moments in Eq. �2.2�. In the tradi-
tional diffusion theory, only the first two moments of the
phase function can be incorporated, which limits its validity
near boundaries, particularly in highly forward scattering
media �15,16�. On the other hand, the velocity half-sphere
model has the dual advantage of better incorporating the
boundary conditions and taking also higher moments of the
phase function into account. Such complications have been
intentionally avoided in this article to keep the focus on the
analytically solvable systems.

One could also try to combine the present approach with
one in which the ballistic light is separated first from the
Boltzmann equation before the diffusion approximation is
invoked �17–21�. We have recently shown that a ballistic
correction can improve the spatial regions close to an aniso-
tropic source �20,21�. This ballistic correction could further
improve the half-sphere model leading possibly to a very
accurate description of light scattering near a source and near
a plane boundary.
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APPENDIX A

The derivation of Eqs. �3.9� was based on the following
three vector identities:

�
±2�

d��P5�cos 	� = 0 , �A1�

�
±2�

d��P5�cos 	�� · V = ± ��Vx�I0 − I2�x̂ + �Vy�I0

− I2�ŷ + 2�VzI2ẑ� , �A2�

�
±2�

d��P5�cos 	��� · V1��� · V2� = 0 �A3�

for arbitrary constant vectors V, V1, and V2. The numerical
constants I0 , I1 , I2 , I3 are defined as

FIG. 3. The light distribution detected along the forward and
backward directions as a function of the source detector spacing r
for an absorptive medium. The Monte Carlo data were obtained
from averages over 106 photon paths. Each photon path was re-
corded for 0.1 m, which was sufficient for convergence ��s

=5 cm−1, g=0.2, and �a=0.1 cm−1�.
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I0 = �
0

1

dxx0P5�x� = 1/16, �A4a�

I1 = �
0

1

dxxP5�x� = 0, �A4b�

I2 = �
0

1

dxx2P5�x� = − 1/192, �A4c�

I3 = �
0

1

dxx3P5�x� = 0. �A4d�

The first equality �A1� follows if we express � in Cartesian
coordinates:

�
±2�

d��P5�cos 	� = �
±2�

d��sin 	 cos �x̂ + sin 	 sin �ŷ

+ cos 	ẑ�P5�cos 	�

= ẑ�
±2�

d� cos 	P5�cos 	� = 0 �A5�

because 
0
2�d� cos �=
0

2�d� sin �=0.
To show the second equality �A2� is a little bit more in-

volved,

�
±2�

d��P5�cos 	�� · V = �
±2�

d��sin 	 cos �x̂

+ sin 	 sin �ŷ

+ cos 	ẑ�P5�cos 	�

��sin 	 cos �Vx + sin 	 sin �Vy

+ cos 	Vz� . �A6�

Using 
0
2�d� cos � sin �=0, 
0

2�d� cos2 �=
0
2�d� sin2 �

=�, and 
0
2�d�=2� we observe that only the “diagonal”

terms are nonzero

�
±2�

d��P5�cos 	�� · V = �
±2�

d��Vx sin2 	 cos2 �x̂

+ Vy sin2 	 sin2 �ŷ

+ Vz cos2 	ẑ�P5�cos 	�

= 2��
±

dx�Vx sin2 	/2x̂

+ Vy sin2 	/2ŷ

+ Vz cos2 	ẑ�P5�cos 	�

= 2��
±

dx�Vx�1 − x2�/2x̂ + Vy�1

− x2�/2ŷ + Vzx
2ẑ�P5�x�

= ± 2��Vx�I0 − I2�/2x̂ + Vy�I0

− I2�/2ŷ + VzI2ẑ� . �A7�

The proof of the last equality �A3� follows in a similar way:

�
±2�

d��P5�cos 	��� · V1��� · V2�

= �
±

d�cos 	�P5�cos 	��x̂�V1xV2z sin2 	 cos 	

+ V1zV2x sin2 	 cos 	�

+ �
±

d�cos 	�P5�cos 	��ŷ�V1yV2z sin2 	 cos 	

+ V1zV2y sin2 	 cos 	�

+ �
±

d�cos 	�P5�cos 	�2�ẑ�V1zV2z cos3 	�

= �
±

d�cos 	�P5�cos 	��x̂�V1xV2z�1 − cos2 	�cos 	

+ V1zV2x�1 − cos2 	�cos 	�

+ �
±

d�cos 	�P5�cos 	��ŷ�V1yV2z�1 − cos2 	�cos 	

+ V1zV2y�1 − cos2 	�cos 	�

+ �
±

d�cos 	�P5�cos 	�2�ẑ�V1zV2z cos3 	� = 0 , �A8�

where we have used 
0
2�d� cos3 �=
0

2�d� sin3 �
=
0

2�d� cos2 � sin �=
0
2�d� sin2 � cos �=0.

APPENDIX B

Let us discuss how to derive the equations for ��r� ap-
pearing in Eq. �3.12� and a new equation for ���r� that is
not included in the main text. Let us define the auxiliary
variable Y �2��−3Jz as a measure of the anisotropy. Using
the z component of Eq. �3.11b�, we get

J�z�r� =
1

2
��r� −

1

6��

�

�z
Y�r� +

1

2��

�2Q�z�r� − q�r�� .

�B1�

Substituting Eq. �B1� into Eq. �3.11a� and �3.11b�, we obtain

J�r� = �3i�/c + 1/D�−1�− ���r� −
1

��

�

�z
� Y�r� + 3��Y�r�ẑ

+
3

��

�2 � Q�z�r� − �q�r�� + 3Q�r� + 3�3Qz�r�

− 2q��r��ẑ� �B2�
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J��r� = −
2

3��

� Y�r� + � 1

2��

�

�z
Y�r� +

1

2
��r��ẑ

+
1

��

Q��r� −
1

2��

q�r�ẑ . �B3�

Note that Eq. �B2� is a generalized form of Fick’s law. If Y
=0, the rightmost term in Eq. �B2� is equal to zero and this
expression would reduce to the one given by Eq. �2.6�. Note
that Eq. �3.8b� can be rewritten in terms of Y as � ·J�

+��Y /2+Jz /2�3i� /c+1/D�=q�. Substituting J� from Eq.
�B3� in this equation and using Jz from the third component
of the vector equation �B2�, we obtain

��2 − 3��
2 �Y�r� = − 6��q��r� − 3�q�r�/�z + 9��Qz�r�

+ 3/2 � · Q��r� + 9/2�Q�z�r�/�z . �B4�

Applying the gradient operator on Eq. �B2�, replacing
� ·J�r� by Eq. �3.8a�, and replacing the term ��2−3��

2 �Y by
the right-hand side of Eq. �B4�, we obtain

��2 − �i�/c + �a��3i�/c + 1/D����r�

= − q�r��3i�/c + 1/D� + 3 � · Q�r�

+ 3
1

��

�2/�z2�q�r� − 3/2Q�z�r�� − 3
1

��

�2�q�r�

− 2Q�z�r�� −
3

2

1

��

�/�z � · Q��r� �B5�

which completes the derivation of Eq. �3.12�.

The corresponding equation for ���r� can be obtained by
rewriting Eq. �B4� as

2c��2 − 3��
2 ����r� = ��2 − 3��

2 �3Jz�r� − 6��q��r�

− 3�q�r�/�z + 9��Qz�r�

+ 3/2 � · Q��r� + 9/2�Q�z�r�/�z .

�B6�

Using the z component of the vector equation �B2�, we ob-
tain

��2 − 3��
2 ����r� = −

3

2
��2 − 3��

2 ��3i�/c + 1/D�−1�/�z��r�

+
3

2
�3i�/c + 1/D�−1���3i�/c + 1/D�/3

−
1

��

��2/�z2 − 3��
2 ��

� �− 6��q��r�3�q�r�/�z + 9��Qz�r�

+ 3/2 � · Q��r� + 9/2�Q�z�r�/�z� − ��2

− 3��
2 �� 3

��

�2�Q�z�r�/�z − �q�r�/�z�

+ 3Qz�r� + 3�3Qz�r� − 2q��r���� . �B7�

Note that in contrast to Eq. �3.12�, ���r� is coupled to ��r�
and therefore requires its solution on the right-hand side.
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